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Abstract

Data structures and algorithms courses frequently assess whether a program runs while
leaving the reasoning that makes the program correct largely implicit. This conceptual-
design article develops an invariant-centered pedagogy from A Practical Python
Approach to Data Structures and Algorithms, an instructional guide that introduces
Python, algorithm analysis, arrays, linked lists, stacks, queues, sorting, and trees. The
source is analyzed as a curriculum artifact rather than as evidence of learning
outcomes. The article argues that an invariant—a condition that must remain true at a
defined point in an operation—can connect concrete traces, structural diagrams, Python
code, and correctness explanations. It proposes a four-phase learning cycle: trace a
state transition, explain the preserved relation, implement the operation, and test
attempts to violate the relation. The cycle is applied to indexed sequences, linked
structures, stacks, queues, binary search, sorting, and tree traversal. Two design tools
are provided: an invariant map that specifies observable learner evidence and common
diagnostic errors, and a lesson protocol that distinguishes prediction, execution,
explanation, and revision. The framework treats visualization as a reasoning aid rather
than as a display and uses Python's readable syntax to reduce incidental notation while
retaining explicit attention to representation, mutation, aliasing, and computational
cost. The central claim is theoretical and pedagogical: implementation becomes more
transferable when learners can state what must remain true, locate where code
preserves it, and use counterexamples to repair their model. Classroom effectiveness
remains a question for future empirical evaluation.
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Introduction

A program can produce the expected output for one input and still be conceptually
wrong. This gap matters in data structures and algorithms (DSA), where a learner must
coordinate an abstract organization of data, its concrete representation in memory, the
operations that transform it, and the cost of those operations. Working code is valuable
evidence, but it is not a complete explanation. A linked-list insertion can appear
successful while breaking the tail connection; a binary search can return the correct
position for a trial list while violating its interval rule; and a sorting routine can arrange
one sequence while losing a duplicate. Transfer requires a model of why an operation
remains valid across states, not only a remembered code pattern.

Computational thinking includes formulating problems and working with
abstractions that can be carried out by people or machines (Grover & Pea, 2013; Wing,
2006). In introductory programming, however, novices often build fragile knowledge
around surface features. Reviews of programming education describe recurring
difficulty with program dynamics, problem decomposition, and the relationship



between plans and code (Robins et al., 2003). A notional machine—the learner's
account of how program constructs behave—mediates between source code and
execution (Sorva, 2013). If this account is incomplete, Python's compact syntax may
make an implementation easy to type without making its state changes easy to reason
about.

A Practical Python Approach to Data Structures and Algorithms presents Python
fundamentals before algorithm analysis and core data structures, and it repeatedly
moves from descriptions to runnable examples and practice tasks (Bajao, n.d.). This
progression supplies a practical foundation. The present article adds a reasoning layer
organized around invariants. It does not report learner scores, classroom observations,
or an intervention. Instead, it offers a scholarly design proposition for converting
examples into traceable claims about structure and correctness.

Purpose and Guiding Question

The article asks: How can an invariant-centered sequence make the relationship
among representation, operation, correctness, and complexity visible in a Python-based
DSA course? Its purposes are to define a teachable form of invariant reasoning, map
that reasoning across common structures and algorithms, and propose classroom
evidence that distinguishes genuine explanation from successful code execution.

Conceptual-Design Method

Artifact and Analytic Lens

The source guide was treated as an instructional artifact. Its topics, examples, and
practice prompts were classified according to four questions: What state is represented?
What operation changes the state? What relation must be preserved? What evidence
could reveal whether a learner understands that relation? The analysis covered Python
lists, linked lists, stacks, queues, sorting, binary search trees, and AVL trees, together
with the guide's treatment of time and space complexity. The output is a curriculum
framework, not an evaluation of the guide or its author.

Design Principles

Four principles guided the framework. First, state changes should be externalized
through a trace, diagram, or table before they are compressed into code. Second, the
learner should state a relation that survives the operation, not merely narrate the line
that executes. Third, contrasting cases should expose the boundary of a claim. Fourth,
complexity should be connected to the representation and operation rather than taught
as a detached label. These principles are consistent with constructivist accounts that
emphasize the learner's active organization of programming knowledge (Ben-Ari,
1998) and with evidence that visualizations are most useful when learners engage with
them rather than passively watch them (Hundhausen et al., 2002).

The Invariant as a Pedagogical Object

In formal algorithm analysis, a loop invariant is a property that holds before and
after each iteration and supports a proof of correctness (Cormen et al., 2009). For
teaching, the idea can be broadened carefully. A structural invariant describes a
relation that must hold whenever a data structure is valid; an operational invariant
holds at a particular point during a procedure; and a representation invariant connects
the abstract object to its implementation. The term should not become a synonym for



any fact. A useful invariant is precise enough to be challenged by a state and
consequential enough that breaking it explains an error.

For a stack, the accessible removal point is the same end used for insertion, and the
next pop must return the most recently pushed unremoved item. For a queue, removal
follows arrival order. In a singly linked list, every nonterminal node's next field denotes
the following node, and a traversal beginning at the head reaches each stored node once
before termination. During binary search, if the target exists, it remains within the
current candidate interval. During insertion sort, the processed prefix is sorted and
contains exactly the elements originally found there. These statements give learners
something stronger than a mnemonic: they can predict a state, inspect an update, and
explain whether the update preserves the relation.

Why Execution Alone Is Insufficient

Output Underdetermines Correctness

A finite set of examples can show that a program succeeds on those examples; it
cannot, by itself, show that every relevant state is valid. Novices may therefore
overgeneralize from a demonstration. A queue implemented with a Python list might
dequeue correctly in a short trace while concealing a costly shift of remaining
elements. A recursive tree traversal might print the expected values while lacking a
sound base case for an empty child. The missing question is not only ‘What did the
program print?’ but “What must be true before and after this operation, and which
statement makes it so?’

Representation Is Part of the Explanation

Python gives learners a high-level sequence abstraction, references to objects, and
built-in methods. These affordances support rapid experimentation, but they can also
obscure distinctions among value, object, name, and position. Du Boulay (1986)
identified the notional machine as one of several domains novices must coordinate. In
DSA, representation decisions determine available operations and cost. The familiar
list methods append and pop can support stack behavior; using removal from the front
of a list for a queue has different performance consequences. Linked nodes exchange
contiguous indexing for explicit connections. A tree distributes reachability across
branches. An invariant-centered lesson names these representational commitments
before code makes them look routine.

Table 1

Invariant map across core DSA topics

q q 0o Observable learner Diagnostic
Topic Invariant to make visible 3 a8 3
evidence misconception
Each valid index denotes one Traces index-value pairs Treats an index as a
Indexed sequence | current position; updates before and after permanent property of
preserve all unaffected positions. | insert/delete. an item.

Predicts the full

The next removal returns the el e 1l pop

Stack . X sequence and justifies the
latest unremoved insertion.

Describes a stack as
merely a Python list.

chosen end.
. . Labels front/rear after Moves both markers
Removal order follows insertion L R - .
Queue order every transition and without defining their
. handles emptiness. roles.
Singly linked list | Head reaches every node once; Redraws links for insertion | Overwrites a needed



Topic Invariant to make visible
the terminal next reference is
null.

Binary search If present, the target remains

y inside the candidate interval.
The processed prefix is sorted
and is a permutation of its
original items.

Insertion sort

Each reachable node is processed
once in the specified relative
order.

Tree traversal

Binary search
tree

All keys in left/right subtrees
satisfy the ordering policy.

Observable learner
evidence

before writing assignments.

Explains every boundary
update using the midpoint
comparison.

Marks the prefix and
accounts for a displaced
key.

Expands the call stack and
identifies base cases.

Checks the policy
recursively, including

Diagnostic
misconception

reference before
preserving it.

Changes a bound
without excluding the
midpoint.

Equates local order
with preservation of
elements.

Reads indentation as
execution without
tracing calls.

Compares a node only
with its immediate
children.

duplicates.

Note. The invariant statements are instructional formulations; an implementation may require additional conditions.
A Trace-Explain-Implement-Test Cycle

Trace

The first phase presents a small but nontrivial state and asks the learner to predict
successive states. The trace must make the abstract object and the Python
representation visible at the same time. For a linked insertion, learners draw the nodes,
label names and references, and record each assignment. For sorting, they mark the
processed region and the element in temporary storage. For recursion, they display
activation records or a compact call tree. Reading and tracing have independent
instructional value; multi-institutional work has shown that novice tracing competence
cannot be assumed merely because students have encountered code (Lister et al.,
2004).

Explain

After the trace, learners complete a structured explanation: the relation that held
before the operation, the statement that could threaten it, the statement that repairs or
preserves it, and the relation that holds afterward. This is not a line-by-line paraphrase.
The explanation should use the structure's vocabulary—front, head, child, candidate
interval, processed prefix—and include the condition under which the claim applies.
Peer comparison is useful because two programs can look different while preserving
the same relation, or look similar while relying on incompatible assumptions.

Implement

Only after the state model and claim are explicit does the learner implement or
complete the procedure. Parsons-style rearrangement tasks can reduce syntax
production while keeping attention on program structure (Parsons & Haden, 2006). A
lesson may begin with a partially ordered insertion routine, ask learners to align each
block with a diagrammed transition, and then move to independent coding. Python's
readability helps because the mapping between condition, assignment, and state change
can remain close to the conceptual explanation.

Test and Repair

Testing is framed as an attempt to falsify the learner's invariant. Empty, singleton,
duplicate, already ordered, reverse ordered, and boundary cases are selected because
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each challenges a different assumption. When a test fails, the learner identifies the first
invalid state rather than patching the final output. This converts debugging from trial-
and-error editing into model revision. The test phase does not prove correctness, but it

disciplines the claim and supplies counterexamples that can refine it.

Table 2

Lesson protocol for invariant-centered learning

Phase Learner product Teacher prompt Revision move
Replace vague arrows or
. A state-by-state trace ‘What changes, and what must place vague arr
Predict . labels with explicit values
before execution not change?
and references.
ey 3 Locate the earliest divergent
Observed trace or Where does observation first - 8
Execute g . s transition rather than the
visualization differ from prediction? "
final symptom.
- Which line preserves the Add a missing boundary,
. Precondition, preserved X . !
Explain . L relation, and under what representation, or ordering
relation, and postcondition o s
condition? condition.
Implement Code annotated by Can a different implementation | Separate essential logic from
P conceptual roles preserve the same invariant? Python-specific convenience.
. Revise the invariant or
Counterexamples and What is the smallest state that .
Challenge N operation to account for the
boundary cases could break your claim? case
q Complexity and transfer ‘Which representation choice Compare operations across
Generalize

explanation causes this cost? two structures or algorithms.

Note. The sequence can span one lesson or recur within a longer laboratory task.

Visualization as an Activity, Not a Display

Algorithm animation can make dynamic behavior perceptible, but visibility does
not guarantee understanding. Hundhausen et al. (2002) concluded that how learners use
a visualization is more consequential than the mere presence of one. Naps et al. (2002)
similarly organized engagement from viewing toward responding, changing,
constructing, and presenting. An invariant-centered activity therefore pauses before a
transition, requests a prediction, asks the learner to identify the threatened relation, and
requires an explanation after the transition. A visualization is evidence against which a
model is tested, not an animated answer key.

This distinction also supports accessibility and low-resource teaching. The essential
representation may be a hand-drawn node diagram, a table of indices, cards used as a
stack, or a manually expanded recursion trace. Digital animation is helpful when it
permits learner control, comparison, and annotation, but the cognitive action lies in
prediction and explanation. The design goal is to make the state inspectable and the
claim contestable.

Complexity as a Consequence of Preserved Structure

Asymptotic notation is often introduced as a vocabulary list detached from
implementation. The invariant framework instead asks which portion of a structure an
operation must inspect or move to preserve validity. Inserting at the front of an array-
like sequence may require shifting positions; pushing at the chosen end of a dynamic
array does not ordinarily require such a shift. Searching a balanced tree discards a
structured region at each comparison, while an unbalanced tree can lose that benefit.



The learner explains cost through the path of required state transitions before assigning
a complexity class.

Such explanations should distinguish worst-case, average-case, and amortized
claims and identify the size variable. The source guide's introduction to time and space
complexity can therefore be revisited with each structure rather than confined to an
early chapter. A complexity label becomes meaningful when learners can name the
maintained relation, the operations needed to maintain it, and how those operations
scale with input size.

Assessment and Feedback

An invariant-centered assessment should sample four kinds of evidence: a correct
state trace, a precise relational claim, an implementation that preserves the claim, and a
counterexample or complexity explanation. A program that passes instructor tests can
receive credit for functionality without receiving full credit for reasoning. Conversely,
a sound explanation paired with a small syntax error should reveal conceptual progress
rather than be collapsed into failure. This separation makes feedback specific: repair
the model, the boundary condition, the representation, or the Python expression.

Oral explanation can supplement written artifacts, especially when diagrams are
central. The assessor can ask the learner to point to the moment an invariant is at risk
and justify the order of assignments. The purpose is not to reward polished terminology
alone. A valid explanation must correspond to the actual code and must survive a
contrasting case. Rubrics should therefore emphasize precision, consistency across
representations, and responsiveness to counterexamples.

Discussion

The framework reframes DSA instruction from a sequence of named structures into
a recurring way of reasoning. Arrays, lists, stacks, queues, sorts, and trees retain their
differences, but learners use a common set of questions: What is represented? What
changes? What relation must persist? What case could break the claim? What work is
required to preserve it? This common language may support transfer because it
organizes attention around relations rather than code templates.

The approach also clarifies Python's role. Python is neither a neutral notation nor
the object of study by itself. Its concise constructs can reduce incidental load, yet built-
in behavior must be made explicit when it affects representation or cost. The
instructional aim is to move flexibly among abstract object, diagram, trace, code, and
complexity argument. Misalignment among these forms becomes a diagnostic
opportunity.

Implications and Research Agenda

Curriculum designers can annotate each worked example with an invariant, a
transition trace, and one targeted counterexample. Laboratory sheets can require
prediction before execution and a short correctness explanation after testing. Instructor
development should include analysis of common invalid states, because feedback
improves when it identifies the first broken relation instead of supplying replacement
code. The framework can be implemented with paper traces, classroom
demonstrations, or interactive tools.



Future research should compare the framework with code-first practice using
measures that separately capture tracing, explanation, implementation, debugging, and
transfer. Studies should document prior programming experience, task equivalence,
instructor enactment, and the reliability of scoring. Process evidence—such as
revisions to traces and explanations—may reveal change that final-output tests miss.
The present article provides constructs and design tools for such research; it does not
establish causal effectiveness.

Conclusion

A DSA course should help learners do more than reproduce implementations that
work on familiar inputs. It should help them explain why a representation remains
valid while an operation changes its state. Algorithmic invariants provide a compact
bridge among tracing, diagrams, Python code, correctness, debugging, and complexity.
The proposed trace—explain—implement—test cycle makes that bridge visible and
repeatedly usable across core topics.

The source guide offers a broad practical path through Python and foundational
structures. An invariant-centered layer strengthens that path by turning every example
into a claim that can be inspected and challenged. The resulting framework is a testable
pedagogical design, not a report of outcomes. Its scholarly value lies in specifying what
learners should make visible and what future classroom evaluation should measure.
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